For each k ≥ 1 and corresponding hexagonal number h(k) = 3k(k + 1) + 1, we introduce m(k) = max{ (k−1)! 2 , 1} packings of h(k) equal disks inside a circle which we call the curved hexagonal packings. The curved hexagonal packing of 7 disks (k = 1, m(1) = 1) is well known and the one of 19 disks (k = 2, m(2) = 1) has been previously conjectured to be optimal.
Introduction
Patterns of dense geometrical packings are sensitive to the geometry of the enclosing region of space. In particular, dense packings of equal nonoverlapping disks in a circle are different from those in a regular hexagon, as one might expect (see, e.g., [1] , [4] or [11] ). In One of the 12 best (that we found) packings of h(5) = 91 disks in a circle. In both diagrams, density shown is the ratio of the area covered by disks to the area of the container, D and d are the diameters of the container and of the disks, respectively. (The different shading of the disks is auxiliary; it is not a part of the pattern.) this paper, for each k ≥ 1 and corresponding hexagonal number h(k) = 3k(k + 1) + 1, we present a pattern of packings of h(k) equal disks in a circle which can be viewed a "curved" analogue of the densest packing of h(k) disks in a regular hexagon. For a particular k, there exists a set of m(k) = max{ (k−1)! 2 , 1} different curved hexagonal packings of the same quality. A curved hexagonal packing pattern is invariant under a 60 • rotation. The density (covering fraction) of a curved hexagonal packing tends to π 2 12 as k → ∞. Because the limit is smaller than the density of the best (hexagonal) packing of equal disks on an infinite plane, the curved hexagonal packing of h(k) disks can not be optimal for a sufficiently large k.
It is remarkable, though, that for several initial values of k there seems to be no better packing than the curved hexagonal ones. Indeed, for 7 disks (k = 1, m(1) = 1) the curved hexagonal packing is well known to be optimal and the one for 19 disks (k = 2, m(2) = 1) has been previously conjectured as such [7] . For 37, 61, and 91 disks (k = 3, 4, and 5, m(3) = 1, m(4) = 3, m(5) = 12), the curved hexagonal packings were the densest we obtained by computer experiments using the so-called "billiards" simulation algorithm.
The "billiards" simulation algorithm [8] [9] has so far proved to be a reliable method for generating optimal packings of disks in an equilateral triangle [5] . Our experiments with this algorithm for packings in a circle either confirmed or improved the best previously reported packings for n ≤ 25. We are unaware of any published conjectures for packing n > 25 disks in a circle, but the "billiards" algorithm kept producing packings for many n > 25, specifically, for n = h(3) = 37, n = h(4) = 61, and n = h(5) = 91. (A detailed account of these experiments merged with the experiments of Nurmela andÖstergård will be reported in a forthcoming paper [6] .) The latter three sets of packings happened to have the curved hexagonal pattern and they were the best found for their value of n. As for n = h(6) = 127, n = h(7) = 169, and n = h(8) = 217, the algorithm found packings which are better than the corresponding curved hexagonal packings.
For the values k ≤ 5, for which the densest packings of h(k) disks in a circle apparently have the curved hexagonal patterns, these packings look "tight." To test our intuition of their "tightness" we compared these packings with packings obtained for h(k) − 1 and h(k) + 1 disks. Thus, we generated dense packings for 36, 38, 60, 62, 90, and 92 disks and verified that deleting a disk does not change the optimum packing and its quality significantly, but adding a disk causes a substantial rearrangement in the optimum packing and substantially decreases the quality. This tightness may be considered an analogue of the similar tightness property for the infinite classes of packings in an equilateral triangle as noted in [5] . Specifically the variations in the packing pattern and quality when one disk is added or subtracted are similar to those observed for packings of
disks in the triangles.
Packings of 7, 19, 37, and 61 disks in a circle
The four best packings are presented in Fig. 2 The well known best packing of h(1) = 7 disks and the best previously conjectured packing of h(2) = 19 disks. Bottom. The best (that we found) packing of h(3) = 37 disks and the best (one of the three that we found) packing of h(4) = 61 disks.
and is easily seen to be optimal 1 and that of 19 disks is conjectured as such in [7] . The packings shown of 37 and 61 disks have not been reported before; they are the best we found for these numbers of disks. The density 7/9 of the 7-disk packing is presented in decimal form in conformance with the other three densities; an alternative finite form of the parameters for all the packings in Fig. 2 .1 exists and is discussed in Section 3.
The curved hexagonal pattern
The pattern can be explained by comparing it with the corresponding hexagonal pattern. Following the path of labeled disks as defined above, the distance P in disk diameters (d) from the center of disk 0 to the center of disk k is given by The packing density, i.e., the fraction of the enclosing circle area which is covered by disks, can then be found as
The density tends to the limit π 2 12 = 0.822467033... as k → ∞. The limit density of the curved hexagonal packing is exactly the square of
the density of the hexagonal packing of the infinite plane (cf. [2] , [3] , [5] or [10] ). The fact that the latter density is larger than the former implies that the curved hexagonal pattern is non-optimal for large k. This is so, because as n increases the density of hexagonal configurations of n congruent disks that fit inside a circle arbitrarily closely approximates
(see [2] ).
Indeed, we found better packings for k = 6, 7, and 8 which we discuss in Section 5.
A curved hexagonal packing of h(k) disks can be constructed for any k ≥ 1. Fig. 3 .1 depicts an instance for k = 13. We believe there are total of m(k) = max{
, 1} non-congruent equally good curved hexagonal patterns of h(k) disks. A curved hexagonal packing pattern is invariant under a 60 • rotation. A method to generate different curved hexagonal packings of a k-layered pattern, that is, for h(k) disks, is as follows. Take the pattern described abovelet us call it basic pattern for brevity -and choose a subset among layers 2, 3, . . . , k − 1.
Flip the sense of rotation of the chosen layers (or of the corresponding segments on the labeled path). The flip is equivalent to making the mirror reflection of these layers. The flipped layers will fit in their place because of mirror symmetry of segments of the layers enclosed between consecutive paths in the basic pattern. Note that layers 1 and k are not subject to the flip, because the disks are positioned on them invariantly for all curved hexagonal packings for the given k. The resulting 2 k−2 combinations yield 2 k−3 different packings considering the reflection symmetry. We call these modifications "regular" curved hexagonal packings and We separate regular packings into a distinctive class because their existence follows from the existence of the basic regular packing and it is easy to understand. Besides, the regular packings are the most frequent ones among the optimal packings spontaneously generated by our "billiards" procedure (see Section 4). However, the regular packings do not exhaust all the variants since 2 k−3 < m(k) for k ≥ 4. We believe that the packings in the full set can be identified by different permutations in the order of summands e iα k , e 2iα k , . . . , e (k−1)iα k in the expression (1) for P , or simply by permutations in the sequence 1, 2, . . . , k − 1. (5) For each permuted sequence, a path of k + 1 disks can be constructed and this path, when completed with layers, happens to form a curved hexagonal packing which is equal in quality to the basic one. Permutation i 1 , . . . , i k−1 of sequence (5) produces the mirror reflection to the pattern produced by permutation k − i 1 , . . . , k − i k−1 .
The method described above fills the pattern layer-by-layer beginning from the central disk out. An alternative method 2 fills the layers in the opposite direction. The outermost layer contains 6k disks densely placed at the periphery. (Examining the outermost layer is an alternative way to infer (2).) Once layer k is in place, we choose a spot to attach the first disk of layer k − 1 so that the disk contacts two disks of layer k. There are 6k different attachment spots. We attach the second, the third, ... the 6(k − 1)th disk, say, clockwise, so that each next disk contacts the previous disk and at least one disk of layer k. As a result exactly 6 disks of layer k − 1, namely, disk 1, disk k, disk 2k − 1, disk 3k − 2, disk 4k − 3, and disk 5k − 4 will each contact two disks of layer k, while the remaining 6(k − 2) disks will each contact only one disk of layer k. All thus obtained two-layer configurations are congruent to each other by rotation.
However, beginning with layer k − 2 (when k ≥ 3), as we fill the pattern inward, the choice of the spot for the placement of the "first" disk (the one that contacts two disks of the previous layer) distinguishes the pattern, modulo a 60 • rotation. Thus, we have k − 1 different ways to place the first disk in layer k − 2, then k − 2 ways to place the first disk in layer k − 3, and so on. This process yields (k − 1)! different clockwise placements. Congruence by the reflection symmetry makes us to half the total: we have
non-congruent placements (for k ≥ 3).
One can enumerate curved hexagonal packings either by the sequence of rotation angles on a path beginning from the central disk outward or by the sequence of relative positions of "first" disks beginning from the external layer inward. For either method a simple computer program can be written that synthesizes a curved hexagonal packing given the sequence as an
input. In what follows we adopt the former enumeration because the program we wrote uses that method. Note that we do not offer here a formal proof that either construction method described above actually works, i.e., produces show that the packings are irregular. Again, we believe there is no packing better than those 12 and there is no 13th packing equal in quality to those 12 but distinct from any one of them.
For k > 5 there are packings of h(k) disks that are better than the m(k) curved hexagonal ones. It is therefore easy to produce for such a k infinitely many different configurations of nonoverlapping disks that are equal in quality to curved hexagonal ones. We believe, however, that if a configuration of h(k) congruent disks of the same quality as a curved hexagonal packing of the same disks has a general structure of a curved hexagonal packing described below, then it must be one of the m(k) curved hexagonal packings. The general structure consists of k layers that surround the central disks; layer i consists of 6i disks placed in a circular fashion, for i = 1, 2, ...k, a disk of layer i can only contact two disks in the same layer (previous and next disk along the circle) and disks of layer i − 1 and i + 1 (with the central disk being counted as layer 0 and the boundary as layer k + 1).
Note that we distinguish between a configuration and a (rigid) packing. We call a configuration of non-overlapping disks inside a circle a rigid packing (or simply a packing) if there exists a non-empty subset of disks in the configuration such that the only continuous motion of some or all disks in the subset is rotation of this subset as a whole with the center of rotation being at the center of the enclosing container-circle. Curved hexagonal patterns are rigid packings because each internal ith layer of disks has triangles (as seen on bond diagrams) that connect it to the corresponding outer layer i + 1, and because the outermost kth layer is obviously rigid. 
How the "billiards" algorithm produces packings
A detailed description of the philosophy, implementation and applications of this eventdriven algorithm can be found in [8] , [9] . Essentially, the algorithm simulates a system of n perfectly elastic disks. In the absence of gravitation and friction, the disks move along straight lines, colliding with each other and the region walls according to the standard laws of mechanics, all the time maintaining a condition of no overlap. To form a packing, the disks are uniformly allowed to gradually increase in size, until no significant growth can occur. Fig. 4 .1 displays four successive snapshots in an experiment with 61 disks. We took the snapshots beginning the time when a local order begins to form and till the time when the set of neighbors of each disk is stabilized.
The latest snapshot shown in Fig. 4 .1, the one at 441704 collisions, looks dense and, within the drawing resolution, it is identical (up to a mirror-reflection) to the final snapshot (see Of course, as is typical in numerical iterative convergent procedures, if the computations were performed with the infinite precision, the convergence would be never achieved and the ever diminishing gaps would always be there. The "experimental" converged values agree with the "theoretical" ones computed by formulas (3) and (4) to 14 or more significant digits.
Moreover, when we initialize the disk positions differently, then the final parameters achieved are either quite distinct and significantly smaller than those achieved in the run presented in Fig. 4 .1 -and then the corresponding pattern is different from a curved hexagonal packingor they are identical to 14 or more significant digits -and then the corresponding final pattern is one of the six known curved hexagonal ones. This makes us suspect that we have found the best possible packing and that its parameters D/d and density are correct to 14 significant digits.
at 16542 collisions Among those, the four existing regular patterns (33%) were seen in 81 runs (90%), with about the same frequency each. Only three out of the existing eight irregular patterns were seen in the remaining 9 runs. We gave up waiting for the other five irregular patterns, shown in Figs. 3.3 and 3.4, to be generated spontaneously, i.e., from random initial configurations. Instead, we constructed those from their path sequences using the method discussed in Section 3.
Packings of 127, 169, and 217 disks
We ran the "billiards" algorithm for n = h(6) = 127, n = h(7) = 169, and n = h(8) = 217 disks. For these n the algorithm produced better packings than the curved hexagonal ones.
The patterns of those packings can all be described as a (possibly disturbed) hexagonal disk assembly in the middle surrounded with irregularly placed disks at the circular border. For larger n this common pattern becomes more evident. As an example, we show in Fig. 5 .1 the best packing we obtained for 127 disks.
We believe the packings achieved for n = 127, 169, and 217 are stable. But we do not think they are the best, because of a large number of local minima for these n. For example, the packing shown in Fig. 5 .1 was the best among 111 independent tries. Each try resulted in a packing which is distinct from the others and had distinct parameters D/d and density. 14 out of 111 packings were better than the curved hexagonal.
These runs for h(k) disks, k > 5, were in contrast to the runs for n = h(5) = 91 and smaller A packing of h(6) = 127 disks in a circle that is better than the corresponding curved hexagonal packings. Each disk is provided with its unique identification label to facilitate the reference. Little black dots are "bonds"; a bond indicates that the corresponding distance is less than 10 −13 of the disk diameter. Where a pair disk-disk or disk-wall are apparently in contact but no bond is shown, e.g., between disks 3 and 108, the computed distance is at least 10 −5 of the disk diameter. The shaded disks can not move given the positions of their neighbors, the non-shaded are "rattlers" that are free to move within their confines. It might seem that there are sufficiently large cavities near disks 27, 104, 28, 88, that are in contact with the boundary, so that if the disks are pushed into the cavities the packing will "unjam." This does not happen. For example, pushing disk 27 into the position of contact with 97 and 49 results in the overlap with 24.
6. Tightness of curved hexagonal packings Table 6 .1. Table 6 .1: The ratio of the decrease of D/d for n = h(k) − 1 over its increase for n = h(k) + 1. 
Discussion
Our experiments reveal that for a sufficiently large n good packings of n equal disks in a circle have a complex pattern like that in Fig. 5 .1, with a large, perhaps disturbed, core of hexagonally packed disks and irregularly placed disks along the periphery. The fraction of the peripheral irregularity disks and the perturbation in the hexagonally packed core usually diminish with n. It is very difficult to obtain the best packings for large n but we would guess their pattern to be of the same irregular type. On the other hand, for n ≤ 25 symmetric and regular patterns of the best packing have been previously observed that do not obey the general description given above for large n. Our computer experiments show that at least for a particular class of n = h(k) = 3k(k + 1) + 1, the transition from the regular, here curved hexagonal, pattern to the irregular core-hexagonal one occurs between n = 91 and n = 127. 
